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Laplace transforms

The Laplace transform of an expression f(t) is denoted by L{f(f)} and
is defined as the semi-infinite integral

L@y = [ fwetar M
co
L{f()} = | [(t)e ™ dt=F(s)
t=0
TumoAadyio
- E fy __ 1 _ n n!
La}=% Lef=—7) L=,
: a B
L{sinat} = Ry L{cosat} = 2
L{sinhat} = sTf? : L{coshat} = 2 f =

OQswpnuota

(2) The transform of an expression that is multiplied by a constant is the
constant multiplied by the transform of the expression. That is

L{kf ()} = KL{f ()}
(1) The transform of a sum (or difference) of expressions is the sum (or
difference) of the individual transforms. That is

L{f(t) £8(t)} = L{f (1)} + L{z(t)}



Theorem 1 The first shift theorem

The first shift theorem states that if L{f(f)} = F(s) then
L{e ™f(t)} =F(s+a)
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Exercise

Determine the following.

1. L{e*cosh3t} 4. L{e*cost}
2. L{2¢"sin 3t} 5. L{e%sinh2t}
3. L{4te'} 6, L{Pe*}
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Theorem 2 Multiplying by t and ¢”

If L{f(t)} = F(s) then L{tf (t)} = —F (s)

Because L{tf(t)} = J::o tf(t)estdt = J:{} f(t) (— dgj) dt

d % —st _ /
= _EELO f(t)e st dt = —F/(s)
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L{tcosh 3t} =
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We could, if necessary, take this a stage further and find L{t* cosh 3t}

Because L{tcosh 3t} = —
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So, in general, if L{f(f)} = F(s), then

L{EF(O)} = (1) - (F(s))




Theorem 3 Dividing by ¢

If L{f(t)} = F(s) then L{[Lttl} - r F(o)do

provided Lim (f (tt)) exists.
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In indeterminate cases, we use L'HOpital’s rule
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Example 1

: sin at
Determine L{ ——
(sin at)
First we test Lim —¥ 4
t—0 t O

By L’HOpital’s rule, we differentiate

top and bottom separately and substitute t+ =0 in the result to
ascertain the limit of the new expression.
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So L{sinat} = EZ_E?' therefore L{Sm at}

J +a2

= arctan( )]OO
= g — arctan (Z)
= arctan (?)
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Determine L{ J (;OS Zt}
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Apply I'Hopital’s rule.
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limit exists.
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1 Standard transforms

f(t) L{f(t)} = F(s)
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2 Theorem 1 The first shift theorem
If L{f(t)} = F(s), then L{e"™f(t)} = F(s + a)
3 Theorem 2 Multiplying by ¢

If L{F(1)} = F(s), then L{tf(t)} = — 3 {F(5)}

4 Theorem 3 Dividing by ¢

If L{f(t)} = F(s), then L{f—fl} - r F(o)do
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Exercise

Determine the Laplace transforms of the following expressions.
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